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1 Introduction

An insulated rod of length 1 meter is placed between tho hot walls of the same fixed
temperature of T = 100 ◦C. The initial temperature of the rod is is T (x, 0) = 20 ◦C.
The transient heat conduction in one dimension in the rod is governed by:

∂T

∂t
= α

∂2T

∂x2
(1)

The task is to find the subsequent temperature T (x, t) of any point in the rod with a
discretized equation of (1):

T n+1
j

∆t
= α

(T nj−1 − 2T nj + Tj+1)

∆x2
(2)

Where s = α∆t
∆x2

For different times t = 0, 1000, 2000 and 3000 the temperature distribution in the rod
should be displayed in a diagram. (Case 1)
Furthermore, the values of T (0, 0) and T (1, 0) are averaged between the initial conditions
(20 ◦C) and the boundary conditions (100 ◦C). The resulting temperature distribution for
t = 0, 1000, 2000 and 3000 in the rod should also be displayed in a diagram. (Case 2)
To compare Case 1 and Case 2, the RMS error is computed for each case.
Finally, the value for s is modified to s = 0.1 and s = 0.2. The resulting temperature
distributions and RMS errors are calculated and compared with the previous cases.

2 Method

To calculate the temperature distribution in the rod, a program is written in Matlab.
Therefore, the equation (1) is discretized to the forward time, centered space (FTCS)
scheme:

T n+1
j = T nj + s(T nj−1 − 2T nj + T nj+1) (3)

with step sizes ∆t (n=0,1,...N) and ∆x (j=1,2,...J) and with the following initial and
boundary conditions.

Initial condition:
T (x, 0) = 20 ◦C, 0 ≤ x ≤ 1, (4)

Boundary conditions:

T (0, t) = TA = 100 ◦C, T (0, t) = TB = 100 ◦C. (5)

Equation (3) is applied to all internal nodes j = 2, ..., J − 1. Initially, s is set to s = 0.5.
Where ∆x = 0.1, ∆t = 500 and α = 10−5.
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The calculation of the Temperature distribution of the internal nodes is repeated for all
time steps (n = 1, 2, ...) until the final time t = 3000.

To calculate the temperature distribution for Case 2, the temperature at both ends of
the rod is averaged between the initial condition and the boundary condition. Therefore,
the temperature values of T (0, 0) and T (1, 0) are set to 60 ◦C.

To compare Case 1 and Case 2, the RMS error is calculated:

RMS =

√∑Jmax

j=1 (Tj − TEj)2

Jmax
(6)

Where TEj is obtained by the separation of variables apprach to compute the exact
solution:

TE(xj, tn) = TA −
MAX∑
m=1

[
4(TA − T0)

(2m− 1)π
sin[(2m− 1)πxj]e

[−α(2m−1)2π2tn]] (7)

Here, the number of terms in the exact equation, MAX = 10.

3 Results

Case 1
In Case 1 the values of T (0, 0) and T (1, 0) are 100 ◦C. Depicted below is the T-x diagram
for the time steps 1, 3, 5 and 7:

Figure 1: Solution for the transient 1-D heat equation with FTCS scheme for s = 0.50
and J = 11 (∆x = 0.1). Black: Initial condition t = 0, blue: t = 1000, green: t
= 2000, red: t = 3000. The semi-colon lines show the solutions from TE(x, t)
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Case 2
In Case 2 the values of T (0, 0) and T (1, 0) are 60 ◦C. The T-x diagram for the time steps
1, 3, 5 and 7:

Figure 2: Solution for the transient 1-D heat equation with FTCS scheme for s = 0.50
and J = 11 (∆x = 0.1). Black: Initial condition t = 0, blue: t = 1000, green: t
= 2000, red: t = 3000. The semi-colon lines show the solutions from TE(x, t)

Comparison of the root mean square (RMS) error of Case 1 and Case 2
In the following table, the computed values for the RMS from equation (6) for case 1 and
case 2 are shown.

Table 1: RMS error of Case 1 and Case 2
time Case1 Case2

0 0.0000 0.0000
1000 3.4426 1.7510
2000 2.1517 0.9433
3000 1.6195 0.7534

Solutions for s = 0.2 and s = 0.1
In figure 3 the value s is modified to s = 0.2 (left) and s = 0.1 (right). The values a and
∆x stay constant, while ∆t is modified accordingly.
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(a) Results for s = 0.2 (b) Results for s = 0.1

Figure 3: Different values of s

RMS errors for both cases considering all values of s
In the table below, the RMS errors for the values s = 0.5, s = 0.2, s = 0.16 and s = 0.1
are depicted. The time steps for s = 0.5 are 1,3,5,7; for s = 0.2: 1,6,11,16; for s = 0.16:
1,7,13,19; for s = 0.1: 1,11,21,31.

Table 2: RMS errors for all values of s for both cases
Case1 Case2

time s = 0.5 s = 0.2 s = 0.16 s = 0.1 s = 0.5 s = 0.2 s = 0.16 s = 0.1
0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

1000 3.4426 1.0242 0.8910 0.6763 1.7510 0.1096 0.0248 0.2508
2000 2.1517 0.6155 0.5429 0.4371 0.9433 0.0844 0.0073 0.1781
3000 1.6195 0.4784 0.4355 0.3712 0.7534 0.0694 0.0044 0.1452

4 Discussion

Comparing Figure 1 and Figure 2 it can be observed, that Figure 2 shows a better ap-
proximation of the FCTS scheme to the exact solution. This results from the smaller
difference between the boundary values of the wall and the initial value of the rod.
Also the comparison of the two cases in table 1 shows, that the deviation from the exact
results is smaller in case 2.
Decreasing the value s means that ∆t becomes smaller when ∆x and α are kept constant.
As a result, the deviation from the exact value also becomes smaller as more values for
more time steps are computed. Therefore, the approximation of s = 0.2 is more accurate
than the approximation of s = 0.5. For the same reason s = 0.1 is more accurate than
s = 0.2. This can be observed in figure 3, if both graphs are closely compared.
Another way to look at the deviation is the RMS error. Table 2 also shows, that in case
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1, a smaller value of s results in a smaller RMS error.
In case 2, the RMS error decreases with a smaller value of s only until s = 0.16. The
smaller value of s = 0.1 shows a higher RMS again.

Decreasing s is also possible by keeping ∆t and α constant and increase the value of
∆x. If this is applied especially for a value of s = 0.16, the error of second order disap-
pears and becomes an error of fourth order in ∆x.

5 Conclusion

The approxmation of the applied finite difference scheme (FTCS) to the exact solution
is better, if the change in temperature between rod and wall is smoother. This is shown
in figure 1 and figure 2 as well as in table 1. Furthermore, a smaller value of s, where
s = α∆t

∆x2
generally results in a smaller deviation of the computed values from the exact

solution. Whereas case 2 with averaged boundary temperatures shows an even better
approximation than case 1. This is shown in table 2. If the s falls below a certain value,
the RMS doesn’t decrease further like for s = 0.16 in case 2.
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