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1 Introduction

The discretization of a 2-dimensional problem is analysed. In order to simplify the pro-
cedure, a steady-state elliptical equation is considered:

∂2u

∂x2
+
∂2u

∂y2
+ 2π2sin(πx)cos(πy) = 0 (1)

The equation is discretized using a second-order centered �nite di�erence scheme for both
variables, considering the following boundary conditions

(a) (x, 0) = sin(πx),

(b) (x, 1) = −sin(πx),

(c) (0, y) = 0, (2)

(d) (1, y) = 0,

First, coarse grid is generated in the area

(x, y) ∈ [0, 1]× [0, 1] (3)

In the beginning, only 25 nodes will be used with a grid interval ∆x = ∆y = 0.25 After-
wards, a tighter grid with more grid-points is generated and the e�ect on the accuracy of
the numerical calculation is examined. Therefore, the mesh is generated with more nodes:
10× 10, 50× 50 and 100× 100.

Second, the grid is generated in the area

(x, y) ∈ [−2, 2]× [−2, 2] (4)

And again, the numerical solutions will be examined for the grid-points 10× 10, 50× 50
and 100× 100.

2 Method

The two-dimensional Poisson equation, an elliptic equation, is given by

∂2u

∂x2
+
∂2u

∂y2
= f(x, y), (x, y) ∈ Ω ⊆ R (5)

The 2nd-order central �nite di�erence scheme for both directions:

1

∆x2
(unj+1−2unj +unj−1) +O(∆x2)+

1

∆y2
(un+1

j −2unj +un−1
j ) +O(∆y2)+2π2sin(πx)cos(πy) = 0

(6)
Transforming the 2-indices notation in a 1-index notation ui,j ↔ uk gives

∇2u|k = β(uk+1 + uk−1) + γ(uk+1 + uk−1) + αuk = fk (7)

whereas fk is the function at the point (x, y).
The values for β, γ and α:
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β γ α
1

∆x2
1

∆y2
−2(β + γ)

Considering [L]. {u} = {f}, the L matrix and f vector are created. Depending on the
number of nodes, the Matrix [L] has di�erent dimensions. In case of 25 nodes, the Matrix
has 25 columns and 25 rows. The vectors {f} and {u} each have 25 rows.
The [L] Matrix consitst of four Diagonals with α in the main diagonal, and the β values
in the �rst minor diagonal. The γ values depend on the size of the mesh. In case of a
5 × 5 mesh, the γ values are in the 5th upper and lower minor diagonals. In case of a
50× 50 mesh, the γ values are in the 50th upper and lower minor diagonals.

The next step is to overwrite the relevant rows in the matrix and in the vector with
the new values considering the boundary conditions. Therefore in the [L] Matrix, I+1
rows are replaced, then the following I-2 rows remain unchanged. Subsequently, 2 rows
are changed and I-2 rows remain unchanged. The last I+1 rows are also replaced. All
rows which are replaced, show the identity matrix. This means, they have only the value
1 in the main diagonal and all other values of those rows are zero.

To create the vector f , in case of 25 nodes, a 5 × 5 Matrix is created �rst with the
function 2π2sin(πx)cos(πy). The corresponding values are x ∈ [1, 5] and y ∈ [1, 5].
The next step is to transform the 5 × 5 Matrix into the vector f . In Matlab the com-
mand "f=reshape(A,25,1)" can be used. Furthermore, the relevant rows in the vector are
replaced with the boundary conditions (2). After applying the boundary conditions, the
vector u can be computed. In Matlab, this is possible with the command "u=L\f".
This procedure is repeated for di�erent grids with 10× 10, 50× 50 and 100× 100 nodes.
The results are compared with the exact solution

u = sin(πx)cos(πy) (8)

The process is also applied to the larger interval [−2, 2] × [−2, 2]. Again, di�erent grid
sizes are generated and the deviations of the numerical solution from the exact solution
are calculated. The new boundary conditions are

(a) (x,−2) = sin(πx),

(b) (x, 2) = sin(πx),

(c) (−2, y) = 0, (9)

(d) (2, y) = 0,

Only the boundary conditions in (b) changes because sin(πx)cos(π2) = sin(πx)
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3 Results

The vector u can be displayed in the domain (x, y) ∈ [0, 1]× [0, 1] which gives a surface.

(a) 5× 5 grid (b) 10× 10 grid

Figure 1: Numerical solutions for the small mesh [0, 1]× [0, 1]

(a) 50× 50 grid (b) 100× 100 grid

Figure 2: Numerical solutions for the small mesh [0, 1]× [0, 1]

To compare the numerical and the exact solution, the uniform norm of the di�erence from
both vectors is calculated.

Table 1: Uniform errors

5× 5 10× 10 50× 50 100× 100
0.0410 0.0194 0.0036 0.0018
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In the domain (x, y) ∈ [−2, 2]× [−2, 2] together with the vector u the following plots are
generated:

(a) 10× 10 grid (b) 50× 50 grid

Figure 3: Numerical solutions for the large mesh [−2, 2]× [−2, 2]

(a) 100× 100 grid (b) 100× 100 grid

Figure 4: Numerical and exact solutions for the large mesh [−2, 2]× [−2, 2]

The uniform norm of the di�erence from both vectors is displayed in the following table

Table 2: Uniform errors

10× 10 50× 50 100× 100
1.0479 0.1792 0.0883
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4 Discussion

Comparing the numerical and the exact solutions, the numerical solution becomes more
accurate as more grid-points are used. Therefore much larger matrices have to be com-
puted. In the case with a mesh with 5 nodes in each direction, a 25 × 25 matrix is
computed. Whereas in the case with 100 nodes, a 100× 100 matrix with 10000 nodes is
computed and has to be inverted. This results in a higher computation time.
Using a mesh with more grid-points reduces the deviation from the exact solution. A
mesh with 5 nodes in each direction produces a uniform error of 0.041 in the small mesh
and an error of 1.0479 in the large mesh. In the mesh with 100 nodes, the error is 0.0018 in
the small mesh and 0.0883 in the large mesh. The error in the large mesh [−2, 2]× [−2, 2]
is higher than in the small mesh [0, 1]× [0, 1] as the number of grid-points is spread over
a larger area. Therefore the number of nodes per surface area is smaller.

5 Conclusion

The deviation of the numerical solution from the exact solution for the small interval
[0, 1]× [0, 1] and for the large interval [−2, 2]× [−2, 2] are depicted in the following table.

Table 3: Uniform errors

Grid-points small Error small Grid-points large Error large
5× 5 0.0410

10× 10 0.0194 10× 10 1.0479
50× 50 0.0036 50× 50 0.1792

100× 100 0.0018 100× 100 0.0883

The error decreases with the number of grid-points. A larger interval results in a higher
error if the number of grid-points are kept constant.
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